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skin-friction coefficient increase with the increasing values of m
as in the case of constant properties for all x*.

The results indicate that the variations of thermal conductivity
and viscosity to the local Nusselt number and the local skin-
friction coefficient are quite significant. Care must be taken in
using the constant properties solution.

The variational method combined with CSMP program has
been found to be fruitful in the solution of this complex problem.
Particularly, it was found that the CSMP program in solving this
type of problem is very simple and straightforward. The great
potential of such a combined technique and the CSMP program
are still to be fully exploited in other engineering problems.
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A Correction to "Lifting-Line Theory as
a Singular Perturbation Problem"
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T HE purpose of this Note is to correct the formula for the
lift-curve slope of a high-aspect-ratio elliptical wing in in-

compressible inviscid uniform flow given by Van Dyke in Refs.
1 and 2. Equation (2.29) of Ref. 1 states that the lift-curve slope is
given by

AT f i p
h(s)-—ds (1)
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where s is the spanwise Cartesian coordinate made dimensionless
by division by the semispan, h(s) is the local half-chord made
dimensionless by division by the semispan divided by the aspect
ratio, and F/F^ is given as a function of h(s) and A, the aspect
ratio, by Eq. (2.27) of Ref. 1 as

(s _ ff)1 |s _d f1 M*) ̂  + hd? f1 ̂
dsj.^-o- 2ds 3 J_ 1

^ J * /*V)sgn(s - <r)log|s - a\ da\ + o(A 2) (2)

which is an asymptotic expansion valid as A -> oo. In Eq. (2.18)
of Ref. 1 h2(s) is defined as

Ms) f1 dh(a) daMs)=-^:L^7^ (3)
Reference 1 states that the first derivatives of the last two integrals
in Eq. (2) can be evaluated by the finite-part method.

The wing with elliptic planform is described by
. h(s)'= (4/70(1 - s2)1/2 (4)

Then, with use of Eqs. (3) and (4) and Eqs. (7) and (14) of Appendix
B of Ref. 3, Eq. (2) reduces to
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The last integral in Eq. (5) can be evaluated easily. Taking its
third derivative gives
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The first derivative of the remaining integral is evaluated by use
of the finite-part method Following Heaslet and Lomax4:
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Substitution of Eqs. (6) and (7) into Eq. (5) results in
_________ ___ ^ 5 3-2s2
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+ o(A~2) (8)
which differs from Eq. (3.10) of Ref. 1 in the coefficient of A~2.
Finally, the lift-curve slope is found using Eqs. (1, 4, and 8) and
Eqs. (864.31) and (864.32) of Ref. 5 as

^J /9 2

'n2^\2 + n= 2 l - - -
doc U

o(A~2) (9)
Equation (9) differs from Eq. (3.11) of Ref. 1 in the presence of
9/2 in place of 7/2. If the series is recast as a fraction the 7 in Eq.
(3.13) of Ref. 1, Eq. (10.27) of Ref. 2, and Eq. (12) of Ref. 6 should
be replaced by 9.
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Prandtl Eddy Viscosity Model
for Coaxial Jets
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ARECENT paper by Harsha1 presents a rather complete
comparison with experimental data of freejet calculations

employing eddy viscosity models. One of the conclusions is that
of all the theoretical models depending solely on the local mean
flow properties, the Prandtl2 eddy viscosity model produces the
best agreement in the far field of an incompressible axisymmetric
jet into calm surroundings. However, with the addition of a
coflowing stream, the success of the Prandtl model deteriorates
rapidly. In this case the recommended model is due to Ferri,
Libby, and Zakkay.3 For incompressible flow, Ferri's model
reduces to Prandtl's model with a larger constant. Thus its
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predictions are not really improved but rather shifted. It is the
purpose of this Note to demonstrate that the inclusion of a
simple nondimensional term in the Prandtl model can greatly
increase the success of the predictions in the far field of the
incompressible coaxial jet.

Prandtl's model of the eddy viscosity e, is
£ = k%max - Wmin) (1)

where k is an empirical constant, b is proportional to the width
of the mixing region and wmax and wmin are the maximum and
minimum values of streamwise velocity at a given streamwise
position.

The ability of the Prandtl model to predict the axis velocity
decay of coaxial jets is shown in Fig. 1. The centerline velocity u,
and the coflowing stream velocity ue, are equivalent to wmax and
wmin, respectively. The initial velocity of the jet is U, while the
velocity ratio is m ̂  ue/U. The const in the Prandtl model is
chosen as k = 0.007 in the region u > 0.99(7 and k = 0.011
downstream of that region. The half width, b, is defined as the
distance between positions on the velocity profile where the
velocity is equal to half the centerline velocity.

A reasonable curve fit of the available data1 is indicated by
the heavy line decaying at x"1 (i.e., 45° slope). It may be seen
that the agreement of the Prandtl model deteriorates as the veloc-
ity ratio m increases.

The Ferri model was formulated to account for mixing in
variable density flows. When simplified to the incompressible
case, it reduces to the Prandtl model with a higher const,
k = 0.025. The results of this model are also shown in Fig. 1.
The intersection point of the Prandtl model with the empirical
curve has moved downstream somewhat, resulting in better
agreement near that point. However, the far field decay slope
still is not matched very well.

The original development of the Prandtl model assumed that
the dimensions of the lumps of fluid which are transported across
the jet are of the same order of magnitude as the width of the
mean shear layer. That this assumption is affected by the addition
of a coflowing stream may be seen in the limit where the coflow-
ing stream velocity is equal to the jet velocity and the width of
the mean shear layer is zero. The flow is, however, still turbulent
and the lumps of fluid transported by the turbulence are of finite
size. Thus as the coflowing stream velocity increases, the size of
the fluid lumps can be substantially larger than the width of the
shear layer. Increasing the dimensions of the fluid lumps is equiv-
alent to increasing the magnitude of the effective viscosity. To
incorporate this effect into the Prandtl model, the eddy viscosity
is increased by a term inversely proportional to the local velocity
difference between the jet and freestream (17 — ue)/(u — ue).

The denominator of the preceding term is equivalent to the
("max ~ Mmin)term in tne Prandtl model, so if the Prandtl model
were simply multiplied by the coflowing stream modification,
the local velocity difference terms, (u — ue\ would cancel out
and the resulting eddy viscosity would be proportional to the
half width alone. To avoid this, the modification factor is raised
to a power characteristic of the flow situation, the ratio of the
coflowing stream velocity to the jet velocity, m.

The use of the velocity ratio as the exponent in the modification
term may be viewed as follows. The shortcoming of the Prandtl
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Fig. 1 Axial velocity decay; velocity ratio = 0.67.


